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Introduction 
While the use of nonorthogonal basis functions in atomic and molecular calculations, 

employing the Ritz variational method, renders the wave function more flexible [1, 5], it can, 
under certain unfavourable circumstances, cause the so-called "linear dependence" problem 
[1], or more correctly, the "near linear dependence" problem. When the linear dependence 
problem arises in a variationM calculation, the calculated results usually become unstable [3] ; 
it also causes a loss of the accuracy [6]. Occasionally, one can remove this difficulty by drop- 
ping the "bad"  functions from the wave function. However, this is not a satisfactory solution, 
since this problem is most likely to happen when two or more similar functions, centered on 
the same spatial point, are included in the wave function. The effect, on the calculated results, 
of excluding the "bad"  functions, instead of using a suitable set of parameters for the functions, 
is usually not assessed; but, in view of the circumstances where this difficulty is most probable, 
this effect, if assessed, might prove to be a rather significant loss. 

Furthermore, because of the difficulty in explicitly handling the nonlinear parameters as 
a continuous variable in a calculation based on the variational principle, it is customary to 
choose an initial set of values for these parameters around which one then searches for the 
optimal values. By varying the nonlinear parameters over a sufficiently wide range, one can, 
in principle, obtain the absolute energy minimum attainable with the basis set. However, this 
is impraetieM, in most cases, because of the economicai factor and the higher possibility of 
running into the linear dependence problem. As a consequence, it necessitates, on the one 
hand, a much larger basis set in order to attain a certain energy [5]. On the other hand, it may 
lead to a peculiar situation where different people find different local energy minima**. 

A Method  of Avo id ing  the  L inea r  Dependence Problem 

I n  th is  r epor t ,  a m e t h o d  of  avo id ing  t h e  l inear  d e p e n d e n c e  p r o b l e m ,  a n d  con- 

s equen t ly ,  o f  g iv ing  ful l  f l ex ib i l i ty  to  t h e  w a v e  f u n c t i o n  is descr ibed .  

L e t  us a s sume  a se t  o f  squa re - i n t eg rab l e  func t ions ,  {/ i(ai ,  f i i )} ,  i = l ,  2 . . . .  , n ,  

where  ~ a n d  t31 are  non l inea r  p a r a m e t e r s ,  such  as t h e  e x p o n e n t i a l  p a r a m e t e r s  o f  
e l l ip t ica l  o rb i t a l s  [7]. W e  will  use t h e  c o n v e n t i o n  t h a t  p a r a m e t e r s  w i t h  a subsc r ip t ,  

such  as a~ and/3~, h a v e  b e e n  ass igned  some  c o n s t a n t  va lues  whi le  those  w i t h o u t  a 
subscr ip t ,  e.g.,  or and/~,  a re  to  be  r e g a r d e d  as var iab les .  W e  wil l  f u r t h e r  a s sume  t h a t  

t h e  se t  {h(~i ,  rid} does  n o t  g ive  a n y  l inear  d e p e n d e n c e  p r o b l e m .  To  th is  set  of  

* This research was supported by the National Science Foundation. 
** For example, J .  C. Bt~OWNE [J. chem. Physics 41, 3495 (1964)], using a seven-term wave 

function, given in Tab. 4 therein, with the parameters listed in Tab. 5 thereof, obtained a 
total energy of -7.7269 a.u. for LiI-I+ at the nuclear distance of 4.25 a 0. However, if the para- 
meters are changed to cr = 3.45, fi(3) = 2.70, a(4) = 4.80, and /?(4) = 2.94, one obtains 
-7.7274 a.u. at the same nuclear distance. 
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funct ions,  we w a n t  to  a d d  ano ther  funct ion , /n+~(a ,  fi), and  de te rmine  the  values  
of  ~ and  fl, which can be used  wi th  the  original  set, free of  the  l inear  dependence  
problem.  F o r  s impl ic i ty ,  we will assume t h a t  the  func t ions / t ,  ] = l ,  2 . . . . .  n, n + l ,  
are  normal i sed  to  un i ty .  

The  lowest  roo t  ~min >- 0, of  the  equa t ion  

(/111) - -  -~ ,  (fl/$) . . . .  (/if-) 
(&h) (&&) -- ~ . . . .  (&&) = 0 (i) 
. . . . .  o o .  ~ . . . . . . .  

(f~h) (/~&) . . . .  (/~/~) - ; ~  

where 

( / @  - J / ~ ( ~ ,  fl~) h ( ~ ,  ~r av (2) 

is defined as the  "measure  of  l inear  independence"  [2, 6]. Since the  l inear  depend-  
ence p rob lem arises when ~min is ve ry  small*,  to  avo id  this  diff icul ty  we wan t  to  
f ind the  doma in  of  the  var iables ,  ~ and  fl, over  which ~min satisfies the  condi t ion,  
)~min >-- cons tan t .  L e t  us set up  the  equa t ion  

(&h) ~ - ~ . . . . . . . .  (&&) g~(~,/~) 
. . . . . . . . . . . . . . . . . . . . .  o . .  

( l~h) (&&) . . . . . . . .  t - ~ g . (~ , /~)  

where g~(a, fl), def ined b y  

= o (3) 

dv,  

are expl ic i t  funct ions  of  c~ and  •. On expand ing  Eq.  (3), one ob ta ins  a po lynomia l  
equa t ion  

P(~:cc, f l ) -  )~n+l--(n+ t )%n+h~(~,~) ) ,  n-1 + . . . . . .  + h n + l ( c r  (5) 

Le t  us assume a posi t ive  cons tan t  c to  be the  acceptab le  lower l imi t  of  Zmin. 
T h a t  is, the  va lues  of  c~ and  fl, which do no t  cause the  l inear  dependence  prob lem,  
sa t i s fy  ~min (~, fi) >-- c. One subs t i tu tes  Z = c in to  Eq.  (5) and  solves for ~ and  ft. 
Since the  ~'s are cont inuous  funct ions  of  the  pa rame te r s  ~ and/~ [8], the  solut ions 
of  P(c:or fi) = 0 can a lways  be found.  The  roots  are the  values  of  cr and  fl for 
which one of  the  n + i Z's in te rcep t s  the  line ~ = c. F o r  the  case of  funct ions  wi th  
a single pa r ame te r ,  a t y p i c a l  d i ag ram appea r s  as in  Fig .  t .  

I n  a p rac t i ca l  appl ica t ion ,  there  are two ways  of  choosing the  funct ions,  /~. 
One can take ,  as /~ ,  e i ther  each t e rm  of  a CI wave  funct ion,  or a basis funct ion  
such as the  e l l ipt ical  o rb i t a l  or the  Sla ter  t y p e  orbi ta l .  The more  prof i table  choice 
of/~ is the  l a t t e r  where use is made  of  the  fac t  t h a t  configurat ions composed  of  a 
basis  set,  which is no t  l inear ly  dependen t ,  do no t  give the  l inear  dependence  prob-  

lem. 
The author wishes to thank Professor H. S~u~L for his valuable criticism. 

* Usually the ratio ~i=/~m~, or ~ [ ~ ,  rather than Am~=, is used as a test of the linear 
dependence. I f  one uses a normalised basis set, 2~a~ ~ m, where m is the number of basis func- 
tions in the set. Since m is known, one can always use ~ =  for this purpose. As for the value of 
X~i= which may cause the linear dependence difficulty, there is not a universal opinion. Differ- 
ent criteria are used by different people. 
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Fig. 1. log flmi, ( ) and P ( c : a )  ( - - . - - . - - . )  versus a. c = 10 -5. 
i l  = (4p'~)e-2,, l~ = (31 /6~)e-1 '% 13 = (211t'3) r e - ' , / ,  = (2 a"l~)e -~,.  

~ ,~,  is inc luded for  a compar ison.  Insets are ,~,~ and P(c:  o~) in  the  range:  ~ = 0.S15--0.840.  
Intercepts of P(c:  ~) with the Line P(c:  ~x) = 0 correspond to the values of c~ for which ~ i ~  = c. 
I f  c is the lower limit of 2~, ,  the value of c~, for ]~, within the shaded regions causes ~he linear 

dependence problem when used with [1, [2, and ]3 given above 
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